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1. Introduction
Suppose Γ is a closed subset of [0,1] × [0,1] that projects onto [0,1] in both coordinates. An inverse limit with Γ ,
denoted lim← Γ , is the set of all points (x1, x2, . . .) in the Hilbert cube such that for each i, (xi+1, xi) ∈ Γ . If Γ is the
graph of a continuous function f , then lim← Γ = lim← f is the traditional type of inverse limit which has been studied by
mathematicians for decades. If Γ is not the graph of a function then Γ could be considered the graph of a set-valued
function f from [0,1] into the closed subsets of [0,1]. In this case lim← f is called a generalized inverse limit or an inverse
limit with an upper semi-continuous set valued function. Since Mahavier’s paper [4] introducing the study of generalized
inverse limits we have been concerned with what sorts of continua can or cannot be obtained as the inverse limit of
a closed subset of [0,1] × [0,1]. In particular, Tom Ingram asked three questions concerning continua that could not be
obtained in this way [2]. The three continua were [0,1] × [0,1], a simple closed curve, and a simple triod. In [5] it was
shown that [0,1] × [0,1] cannot be homeomorphic to an inverse limit of a set valued function on [0,1]. In [1] Illanes
showed that a simple closed curve is not homeomorphic to the inverse limit of a closed subset of [0,1] × [0,1], and asked
if there exists a ﬁnite graph G , different from an arc, such that G is homeomorphic to the inverse limit of a closed subset of
the square [0,1] × [0,1]. In [6] it was shown that a ﬁnite graph that is the inverse limit of a closed subset of [0,1] × [0,1]
is homeomorphic to either an arc or a simple triod. In this paper we ﬁnish the answer to Illanes’ question and Ingram’s
question by showing that a simple triod is not the inverse limit of a closed subset of [0,1] × [0,1].
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A continuum is a compact connected metric space. A subcontinuum A of a continuum X is a free arc if A is an arc
such that the boundary of A in X is contained in the set of endpoints of A, and a continuum X is a ﬁnite graph if X
is the union of a ﬁnite number of free arcs. A simple triod is an acyclic ﬁnite graph with three endpoints. The Hilbert
cube is the product
∏∞
i=1[0,1] with metric given by d(x, y) =
∑∞
i=1
|πi(x)−πi(y)|
2i
where πi :∏∞i=1[0,1] → [0,1] is deﬁned by
πi(x) = πi((x1, x2, x3, . . .)) = xi . The function π1,n :∏∞i=1[0,1] →
∏n
i=1[0,1] is deﬁned by π1,n(x) = π1,n((x1, x2, x3, . . .)) =
(x1, . . . , xn). The binary operation ⊕ : ∏ni=1[0,1] ×
∏∞
i=1[0,1] →
∏∞
i=1[0,1] is deﬁned by (x1, . . . , xn) ⊕ (y1, y2, . . .) =
(x1, . . . , xn, y1, y2, . . .). The continuous function σ :∏∞i=1[0,1] →
∏∞
i=1[0,1] is deﬁned by σ((x1, x2, x3, . . .)) = (x2, x3, . . .).
A set valued function f : X → 2Y into the nonempty closed subsets of Y is upper semi-continuous (usc) if for each open
set V ⊂ Y the set {x: f (x) ⊂ V } is an open set in X . A set valued function f : X → 2Y is usc if and only if the graph
of f , Γ ( f ) = {(x, y) | y ∈ f (x)}, is a closed subset of X × Y [3, Theorem 2.1, p. 120]. A set valued function f : X → 2Y will
be called surjective if for each y ∈ Y there is a point x ∈ X such that y ∈ f (x). The inverse limit of a set valued function
f : X → 2X is denoted lim← f , and is deﬁned to be the set of all (x1, x2, x3, . . .) ∈
∏∞
i=1 Xi such that xi ∈ f (xi+1) for each i.
It is easy to see that σ(lim← f ) = lim← f .
3. Previous results
The following lemma is from [1]. For each n ∈N, let Sn = {0, . . . ,n}.
Lemma 1. Let h, g : [0,1] → [0,1] be continuous functions such that h(0) = 0 = g(0) and h(1) = 1 = g(1), and let δ > 0. Then there
exist n ∈N and functionsα,β : Sn → [0,1] such that h◦α = g◦β ,α(0) = 0 = β(0),α(n) = 1= β(n) and, for each i ∈ {0, . . . ,n−1},
|α(i + 1) − α(i)| < δ and |β(i + 1) − β(i)| < δ.
The remaining lemmas and theorems in this section are from [6].
Lemma 2. Suppose G is a ﬁnite graph with metric d, E and F are connected closed subsets of G and {i} is a sequence of positive
numbers converging to 0 such that for each i ∈ N there is an integer mi ∈ N and a function Ψi : Smi → G such that for each j ∈{0, . . . ,mi − 1}, d(Ψi( j + 1),Ψi( j)) < i and there exist j,k ∈ Smi such that d(Ψi( j), E) < i , and d(Ψi(k), F ) < i . Then the closure
of
⋃∞
i=1
⋃mi
j=0 Ψi( j) contains an arc with one endpoint in E and the other endpoint in F .
For the remainder of this paper assume f : [0,1] → 2[0,1] is surjective upper semi-continuous set valued function and
G = lim← f is a non-degenerate ﬁnite graph. Let P0 be a point in G such that π1(P0) = 0, and let P1 be a point in G such
that π1(P1) = 1. Let A be an arc in G with endpoints P0 and P1. A Type I point in G is a point x such that there exists an
N ∈ N such that σ n(x) ∈ A for each n  N . A Type II point in G is a point that is not Type I. A point x in G has a Type I
neighborhood if x is contained in an open set O such that there exists an N ∈N such that σ n(O ) ⊂ A for each n N .
Lemma 3. Every point of G that is not an endpoint of G has a Type I neighborhood.
Lemma 4. G has a ﬁnite number of Type II points, and for each Type II point x the following are true:
(i) There is an n ∈N such that σ n(x) = x.
(ii) If i ∈N and y ∈ G such that πi(x) = πi(y) then π1,i(x) = π1,i(y).
(iii) If n ∈N then for each  > 0 there is a δ > 0 such that if y ∈ G and |πn(x) − πn(y)| < δ then∑ni=1 |πi(x)−πi(y)|2i <  .
Lemma 5. G has at most two Type II points.
Lemma 6. Every Type I point in G has a Type I neighborhood.
Theorem 7. If G has no Type II points then G is an arc.
Theorem 8. If G has one Type II point, then G is an arc or a simple triod.
Theorem 9. If G has two Type II points and one of them is contained in A, then G is an arc.
Theorem 10. If G has two Type II points and neither is contained in A, then G is an arc or a simple triod.
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Theorem 11. If G has two Type II points and neither is contained in A, then G is an arc.
Proof. Let q1 and q2 be the two Type II points of G . In the proof of Theorem 10 it is shown that either G is irreducible
about {q1,q2, P0} and P1 is contained in the arc from P0 to q1, or G is irreducible about {q1,q2, P1} and P0 is contained in
the arc from P1 to q2. The proof that G is an arc is the same in either case, so assume G is irreducible about {q1,q2, P0},
and P1 is contained in the arc from P0 to q1. Let A′ be the arc from P0 to q1 and note that A ⊂ A′ . Let L be an arc in G
that contains q2 in its interior and such that L ∩ A′ = ∅. Let F be a closed set such that A′ is contained in the interior of F
and F ∩ L = ∅. Let δ > 0 be such that if x ∈ G and d(x,q) < δ, then x ∈ L, and if x ∈ G and d(x, A′) < δ, then x ∈ F .
Let h : [0,1] → G be a continuous function such that h(0) = P0, h(1) = P1, h( 12 ) = q2, such that h([0, 12 ]) is contained in
the arc in G from P0 to q2, and such that h([ 12 ,1]) is contained in the arc in G from q2 to P1.
Since each point of A is Type I, by Lemma 6, each point of A has a Type I neighborhood, and A is compact. So there is
an N1 ∈N such that if n N1, then σ n−1(A) ⊂ A.
Suppose there is a strictly increasing sequence ni of natural numbers such that {P0, P1} ⊂ σ ni−1(G \ L). Then for each
i there are points Q i and Ri in G \ L such that σ ni−1(Q i) = P0 and σ ni−1(Ri) = P1. Thus πni (Q i) = 0 and πni (Ri) = 1.
It follows that there is a point zi ∈ G \ L such that πni (zi) = πni (q2), and therefore by Lemma 4, π1,ni (zi) = π1,ni (q2). But
then {zi} converges to q2 which contradicts the fact that q2 is in the interior of L. So there is an N ′ ∈N such that N ′ > N1,
1
2N′ <
δ
2 , and if n  N ′ then either P0 is not contained in σ n−1(G \ L), or P1 is not contained in σ n−1(G \ L). But since
σ(q1) = q1 or σ 2(q1) = q1, and σ n−1(A) ⊂ A for all n N1, either σ N ′−1(A′) contains P1, or σ N ′ (A′) contains P1. So there
is an N ∈N such that 1
2N
< δ2 , P1 is contained in σ
N−1(A′), and P0 is not contained in σ N−1(G \ L).
Let R0 be a point in G such that πN (R0) = 0, and let R1 be a point in A′ such that σ N−1(R1) = P1, and therefore
πN (R1) = 1. Let g : [0,1] → G be a continuous function such that g(0) = R0 and g(1) = R1.
Then π1 ◦ h : [0,1] → [0,1] and πN ◦ g : [0,1] → [0,1] are continuous functions with π1 ◦ h(0) = 0 = πN ◦ g(0) and
π1 ◦ h(1) = 1 = πN ◦ g(1). Let  > 0 such that  < δ2 . By Lemma 4 there is an 1 > 0 such that if y ∈ G such that |πN (q2) −
πN (y)| < 1 then ∑Ni=1 |πi(q2)−πi(y)|2i < 2 . Also, there is an 2 > 0 such that if s, t ∈ [0,1] and |s− t| < 2 then d(h(s),h(t)) <
min{ 2 , 1} and d(g(s), g(t)) < min{ 2 , 1}. According to Lemma 1 there is an m ∈ N and functions α,β : Sm → [0,1] such
that π1 ◦ h ◦ α = πN ◦ g ◦ β , α(0) = 0 = β(0), α(m) = 1 = β(m), and for each i ∈ {0, . . . ,m − 1}, |α(i + 1) − α(i)| < 2 and
|β(i + 1) − β(i)| < 2.
Deﬁne Ψ : Sm → G by Ψ (i) = π1,N−1 ◦ g ◦ β(i) ⊕ h ◦ α(i). Then for each i ∈ Sm , Ψ (i) ∈ G and σ N−1(Ψ (i)) = h ◦ α(i). And
for each i ∈ {0, . . . ,m− 1}, d(Ψ (i + 1),Ψ (i)) < d(g ◦ β(i + 1), g ◦ β(i)) + d(h ◦ α(i + 1),h ◦ α(i)) < 2 + 2 =  .
Note that d(Ψ (m), R1) = d(Ψ (m), g(1)) d(g ◦ β(m), g(m))+ 12N < 0+ δ2 < δ. Thus Ψ (m) ∈ F ⊂ G \ L. Let j() ∈ Sm such
that j() is the largest natural number such that 12 is between α( j() − 1) and α( j()). It follows that |α( j()) − 12 | < 2.
Therefore d(h ◦ α( j()),h( 12 )) < 1. Thus d(Ψ ( j()),q2) <
∑N
i=1
|πi◦g◦β( j())−πi(q2)|
2i
+ d(h ◦ α( j()),h( 12 )) < 2 + 2 =  .
Let {i} be a sequence of positive numbers less than δ2 and converging to 0. Construct Ψi : Smi → G as above for each i ,
leaving N and δ ﬁxed. Let W be the closure of
⋃∞
i=1
⋃mi
j= j(i) Ψi( j). By Lemma 2, W contains an arc W
′ with one endpoint
q2 and the other endpoint in F . Note L ⊂ W ′ and G = σ N−1(G) = σ N−1(L) ∪ σ N−1(G \ L). Since P0 is not contained in
σ N−1(G \ L), it follows that P0 ∈ σ N−1(L) ⊂ σ N−1(W ′) ⊂ h([ 12 ,1]) and h([ 12 ,1]) is contained in the arc from q2 to P1.
Therefore G is an arc from q1 to q2. 
Theorem 12. If G has one Type II point then G is an arc.
Proof. Let q be the only Type II point in G . Then it was shown in the proof of Theorem 8 that G is irreducible about the
set {q, P0, P1}. Let L be an arc in G that contains q in its interior and such that L ∩ A = ∅. Let F be a closed set such that A
is contained in the interior of F and F ∩ L = ∅. Let δ > 0 be such that if x ∈ G and d(x,q) < δ, then x ∈ L, and if x ∈ G and
d(x, A) < δ, then x ∈ F .
Let h : [0,1] → G be a continuous function such that h(0) = P0, h(1) = P1, h( 12 ) = q, such that h([0, 12 ]) is contained in
the arc in G from P0 to q, and such that h([ 12 ,1]) is contained in the arc in G from q to P1.
Since each point of G \ L has a Type I neighborhood, and G \ L is compact, there is an N1 ∈ N such that if n N1, then
σ n−1(G \ L) ⊂ A.
Suppose there is a strictly increasing sequence ni of natural numbers such that {P0, P1} ⊂ σ ni−1(G \ L). Then for each i
there are points Q i and Ri in G \ L such that σ ni−1(Q i) = P0 and σ ni−1(Ri) = P1. Thus πni (Q i) = 0 and πni (Ri) = 1. Thus
there is a point zi ∈ G \ L such that πni (zi) = πni (q) and therefore by Lemma 4, π1,ni (zi) = π1,ni (q). But then {zi} converges
to q which contradicts the fact that q is in the interior of L. So there is an N ∈ N such that N > N1, 12N < δ2 , and if n  N ,
then either P0 is not contained in σ n−1(G \ L), or P1 is not contained in σ n−1(G \ L).
Now if either P0 ∈ σ N−1(A) or P1 ∈ σ N−1(A) the proof is exactly like the proof of Theorem 11. So assume σ N−1(A) ⊂
A \ {P0, P1}. Since σ n(G \ L) ⊂ A for suﬃciently large n we can also assume σ N−1(G \ L) ⊂ A \ {P0, P1}. Let R0 and R1
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g(1) = R1, and g( 12 ) ∈ A.
Then π1 ◦ h : [0,1] → [0,1] and πN ◦ g : [0,1] → [0,1] are continuous functions with π1 ◦ h(0) = 0 = πN ◦ g(0) and
π1 ◦ h(1) = 1 = πN ◦ g(1). Let  > 0 such that  < δ2 . By Lemma 4 there is an 1 > 0 such that if y ∈ G such that |πN(q) −
πN (y)| < 1 then ∑Ni=1 |πi(q)−πi(y)|2i < 2 . Also, there is an 2 > 0 such that if s, t ∈ [0,1] and |s − t| < 2 then d(h(s),h(t)) <
min{ 2 , 1} and d(g(s), g(t)) < min{ 2 , 1}. According to Lemma 1 there is an m ∈ N and functions α,β : Sm → [0,1] such
that π1 ◦ h ◦ α = πN ◦ g ◦ β , α(0) = 0 = β(0), α(m) = 1 = β(m), and for each i ∈ {0, . . . ,m − 1}, |α(i + 1) − α(i)| < 2 and
|β(i + 1) − β(i)| < 2.
Deﬁne Ψ : Sm → G by Ψ (i) = π1,N−1 ◦ g ◦ β(i) ⊕ h ◦ α(i). Then for each i ∈ Sm , Ψ (i) ∈ G and σ N−1(Ψ (i)) = h ◦ α(i). And
for each i ∈ {0, . . . ,m− 1}, d(Ψ (i + 1),Ψ (i)) < d(g ◦ β(i + 1), g ◦ β(i)) + d(h ◦ α(i + 1),h ◦ α(i)) < 2 + 2 =  .
Let jβ ∈ Sm such that 12 is between β( jβ) and β( jβ + 1). Let jα ∈ Sm such that 12 is between α( jα) and α( jα + 1), and
such that | jα − jβ | is as small as possible. Let j1() = min{ jα, jβ} and j2() = max{ jα, jβ}. Note that for j ∈ { jβ, jβ + 1},
d(Ψ ( j), g( 12 )) d(g ◦ β( j), g( 12 )) + 12N < δ2 + δ2 = δ. Thus Ψ ( j) ∈ F ⊂ G \ L. Also for j ∈ { jα, jα + 1}, d(h ◦ α( j),h( 12 )) < 1.
Thus d(Ψ ( j),q) <
∑N
i=1
|πi◦g◦β( j)−πi(q)|
2i
+ d(h ◦ α( j),h( 12 )) < 2 + 2 =  .
Let {i} be a sequence of positive numbers less than δ2 and converging to 0. Construct Ψi : Smi → G as above for each i ,
leaving N and δ ﬁxed. Let W be the closure of
⋃∞
i=1
⋃ j2(i)
j= j1(i)+1 Ψi( j). For each i, either α( j) 
1
2 for each j such that
j1(i) < j  j2(i), or α( j) 12 for each j such that j1(i) < j  j2(i). Therefore, for each i , either we have case (I) which
is that for each j such that j1(i) < j  j2(i) it is true that σ N−1(Ψi( j)) = h(α( j)) ⊂ h([0, 12 ]), or we have case (II) which
is that for each j such that j1(i) < j  j2(i) it is true that σ N−1(Ψi( j)) = h(α( j)) ⊂ h([ 12 ,1]). Since either case (I) or case
(II) is true for inﬁnitely many i , we will assume either case (I) is true for each i , or case (II) is true for each i .
By Lemma 2, W contains an arc W ′ with one endpoint q and the other endpoint in F . Therefore L ⊂ W ′ . Since G =
σ N−1(G) = σ N−1(L) ∪ σ N−1(G \ L), and σ N−1(G \ L) does not contain either P0 or P1, then {P0, P1} ⊂ σ N−1(L). But either
σ N−1(L) ⊂ h([0, 12 ]) or σ N−1(L) ⊂ h([ 12 ,1]) depending on which of case (I) or case (II) holds for each i . So either P1 is
contained in the arc from q to P0, or P0 is contained in the arc from q to P1. In either case G is an arc. 
Theorem 13. If f : [0,1] → 2[0,1] is a surjective upper semi-continuous function such that lim← f is a ﬁnite graph, then lim← f is an arc.
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